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Solution of Homework #2 
 

Exercise #1 
 

Setting h(n) = - g(n) means that the best nodes (the ones with the lowest score) will 
be the longest path since: 

Min h(n) = Min – g(n) = Max g(n). 
  

Therefore, we prefer the longest path which means our search is depth-first search. 
If we set h(n) = g(n) therefore min h(n) = min g(n) = minimize the path length from 
the origin node to n. If g has a fixed cost at each tree level, we better branch to the 

siblings  we would get breadth-first search. 

 

Exercise #2 
  

Prove that if the heuristic function h obeys the triangle inequality, then the f-cost along any path 
in the search tree is nondecreasing. (The triangle says that the sum of the costs from A to B and 
B to C must not be less than the cost from A to C directly.)  

  

SOLUTION: 
The triangle inequality applied to a heuristic h(n) gives:  
  

h(n)  k(n, n’) + h(n’)    n, n’ 
  
where k(n, n’) is the cost of the shortest path from n to n’. Nondecreasing f-cost along a path 
means that the f-cost of a successor is always at least as large as that the node itself: 
 
 

f(n)  f(n’) if n’  succ(n). 
 
 

Rewriting this with respect to g and h: 
  

g(n) + h(n)  g(n’) + h(n’) if n’  succ(n) 
  
Our goal is to show that this is implied by the triangle of inequality. To do this, we simply add 
g(n) to both sides of the triangle of inequality: 
  

g(n) + h(n)  g(n) + k(n, n’) + h(n’) 
  

if n’ is a successor of n, then g(n) + k(n, n’) is exactly equal to g(n’). Hence: 

  
g(n) + h(n)  g(n’) + h(n’). 
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Exercise #3 

  
1. Solve the 8-puzzle problem using: 
  

a.       Manhattan distance  
b.       Misplaced tiles  

  

       as heuristic functions.  

2. Compare the performance of these 2 implementations  
  

Definitions:  

 Manhattan or city block distance = the sum of the distances of the tiles from their goal 
positions. Because tiles cannot move along diagonals, the distance we will count is the 
sum of the horizontal & vertical distances.  

 Misplaced tiles h1 = the number of tiles that are in the wrong position  
  
Hints& Reminders: 

 Use the A* algorithm to solve it.  
 The path cost function g is just the length of the path (each step costs 1).  

 Example of computation of the two heuristics:  
h1 = the number of tiles that are in the wrong position 
h2 = the sum of the distances of the tiles from their goal positions (Manhattan distance) 
  
A typical instance of the 8-puzzle: 
  

Start state  

5 4   

6 1 8 

7 3 2 

 
Goal State 

1 2 3 

8   4 

7 6 5 

        Seven of the 8 tiles are out of position, so the start state would have h1 = 7.  

        Tiles 1 to 8 in the start state give a Manhattan distance of:  
      h2= 2 + 3 + 3 + 2 + 4 + 2 + 0+ 2 = 18.  
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SOLUTIONS: 
  

1. a. MANHATTAN DISTANCE HEURISTIC 
  
  

1   3 

8 2  5 

7 4 6 

g(n) = 0 

h(n) = 5 

f(n) = 5 
 

  1 3 

8 2 5 

7 4 6 

g(n) = 1 

h(n) = 6 

f(n) = 7 

1 2 3 

8   5 

7 4 6 

g(n) = 1 

h(n) = 4 

f(n) = 5 

1 3   

8 2 5 

7 4 6 

g(n) = 1 

h(n) = 6 

f(n) = 7 

  
 

1 2 3 

8 5   

7 4 6 

g(n) = 2 

h(n) = 5 

f(n) = 7 

1 2 3 

  8 5 

7 4 6 

g(n) = 2 

h(n) = 5 

f(n) = 7 

1 2 3 

8 4 5 

7   6 

g(n) = 2 

h(n) = 3 

f(n) = 5 
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1 2 3 

8 4  5 

7 6   

g(n) = 3 

h(n) = 2 

f(n) = 5 

  

1 2 3 

8 4   

7 6 5 

g(n) = 4 

h(n) = 1 

f(n) = 5 

  

1 2 3 

8   4  

7 6 5 

g(n) = 5 

h(n) = 0 

f(n) = 5 

  

  
1. b. MISPLACED TILES HEURISTIC 

  
Design parameters: 
  
(o)  States (or configuration = node of the tree): a state consists of 3*3 grid containing digits 
from 1 to 8. 
(i)   Start state 

 
 

1   3 

8 2 5 

7 4 6 
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(ii)   Goal state 
 
 

1 2 3 

8   4 

7 6 5 

 
 
 
(iii)  Moves: slide the tiles horizontally or vertically into the empty space until the 

configuration matches the goal configuration. 
 
 

(iv)  Path cost: f = g + h where h = heuristic misplaced tiles and g is the length path 
(constant = 1) 
 
 

1   3 

8 2  5 

7 4 6 

g(n) = 0 

h(n) = 4 

f(n) = 4 
 

  

  1 3 

8 2 5 

7 4 6 

g(n) = 1 

h(n) = 5 

f(n) = 6 

  

1 2 3 

8   5 

7 4 6 

g(n) = 1 

h(n) = 3 

f(n) = 4 

1 3   

8 2 5 

7 4 6 

g(n) = 1 

h(n) = 5 

f(n) = 6 
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1 2 3 

8 5   

7 4 6 

g(n) = 2 

h(n) = 3 

f(n) = 5 

1 2 3 

  8 5 

7 4 6 

g(n) = 2 

h(n) = 4 

f(n) = 6 

1 2 3 

8 4 5 

7   6 

g(n) = 2 

h(n) = 3 

f(n) = 5 
   
  

1 2   

8 5 3 

7 4 6 

g(n) = 3 

h(n) = 4 

f(n) = 7 

1 2 3 

8 5 6 

7 4   

g(n) = 3 

h(n) = 3 

f(n) = 6 

 backtrack 

1 2   

8 4 5 

  7 6 

g(n) = 3 

h(n) = 4 

f(n) = 7 

1 2 3 

8 4 5 

7 6   

g(n) = 3 

h(n) = 2 

f(n) = 5 

  
 
  
  

1 2 3 

8 4   

7 6 5 

g(n) = 4 

h(n) = 1 

f(n) = 5 

  
 



 
 

7 

  
  
  
  
  
  
  
  
  
  
  
  
  

  
3. Conclusion: The Manhattan distance provides the cost of the cheapest solution from the start 

node to the goal node (equal to 5) in terms of number of iterations. 

 

Exercise #4 (The n-queens problem) 
 

a. Using hill climbing 
 
The n-queens problem can be viewed as a constraint satisfaction problem 
(CSP). It can be solved by iterative improvement methods by first assigning 
values to all the variables, and then applying modification operators to move 
the configuration toward a solution. Modification operators simple assign a 
different value to a variable. 
 
Initial state: Has all n-queens on the board, and an operator moves a queen 
from one square to another. 
 
Objective function: number of conflicts (number of attacking queens) with 
other variables should be minimized (min-conflict heuristic). 
 
Goal: has all n-queens on the board where no queens is capable to attack 
another one. 
 
Moves: should be done locally for each column. 
 
Starting for example from the following configuration in a 4-queens problem: 
 
 
 
 
 
 
 
 
 
 
 
 

1 2 3 

8   4 

7 6 5 

g(n) = 5 

h(n) = 0 

f(n) = 5 
  

Goal Reached! 

1 2   

8 4 3 

7 6 5 

g(n) = 5 

h(n) = 2 

f(n) = 7 

q1  q3 q4 

    

 q2   
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We need to reach for example the following configuration: 
 
 
 
 
 
 
 
 
 
 
 
Goal: Xgoal = (2, 1, 4, 3)   (row number of the queens positions)  
This goal is unknown!     
 
The conflict h(Xgoal) = 0 
 
The first solution Xstart = (1, 3, 1, 1)  h(Xstart) = 2 + 1 + 2 + 3 = 8 
 
This is an instantiation of all variables involved. Our goal consists of modifying 
the position of one queen by modifying the value of the corresponding 
variable in the range [1..4] so that we reduce the conflict (which is the 
number of queens that can be attacked). Therefore, our next point in the 

search should be: 
      X1 = (1, 3, 4, 1)  h(X1) = 1 + 2 + 1+ 2 = 6 
The algorithm continue by reducing the number of conflicts until h = 0 (this 
value may not be attained!). 
 
The constraints for the problem are: 
 

Variables: rowqi where each rowqi {1, 2, …., n}, qi  {1, 2, …, n} 
 
Constraints:  qi  qj  rowqi  rowqj (no more than one queen in a row) 
                     rowqi  rowqj rowqi  rowqj + ( j – 1) (diagonal up) 
                      rowqi  rowqj + (i - j) (diagonal down) 
 

b. Using hill climbing with random start 
 
In this case, we randomly select an initial configuration. However, the 
heuristic value may not be equal to 0 at the optimum (local). Therefore, this 
first value of h = h*1 is stored and we randomly select an other initial 
configuration that provides h = h*2.  
We continue the process of randomness and hill climbing successively until we 
are satisfied with the final value of h* found. h* = 0 may or may not be 
attained. 
 

c. Using Simulated annealing 
 
The heuristic function (or energy) corresponds to the number of conflicts. This 
energy should be minimized. 
Let T be a slowly decreasing function of the number of iterations. Let’s set 

  q2  

q1    

   q4 

 q3   
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If k = number of iterations Ą 0  T(k) Ą  

If k Ą +   T(k) Ą 0 
This means that around the start node, the temperature is quite high and by 
exploring more neighbors, the temperature is decreased. Therefore, SA 
algorithm can be stated as: 
 
Begin 
      Let n be an initial random assignment of values to all variables 
      Let T be a high temperature 
      Repeat 
          Select neighbor n’ of n at random; 
          If h(n’) < h(n) then n ă n’ //minimization problem 
           else n ă n’ with probability e-|h(n)-h(n’)|/T 
           reduce T    //Provided automatically through T(k) 

     Until goal reached 
End 
 

 

Exercise #5 (4.5 Page 165) 
 
(a) A node is the two amounts of beer that can be put inside a 17 liter jug 

(Left) and a 7 liter jug (Right), successively. 
 

(b) The neighbors of an arbitrary node correspond to nodes that contain all 
the amounts that can be derived from the arbitrary node using the 3 
allowed operations. 

 
(c) Graph contains cycles 
(d) A* is more suitable since the goal to limit Bill to 1 liter is known. A* with 

cycles avoidance should be used. 

0 0 

0 17 0 7 

7 10 17 7 17 7 7 0 

Fill 17 Fill 7 

Drink 17 Drink 7 

Fill 7 Fill 17 Pour into 17 Poor into 7 


