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D. Bouchaffra

INTRODUCTION

Ordinary logic is very often used when dealing with certainty, but in many fields when
we have to treat uncertainty or ‘fuzziness’ boolean logic appears a very poor concept.
Several artificial intelligence (Al) or linguistic applications require the ability to reason
with uncertain information. The semantic generalization of logic in which the truth
values of sentences are probability values between ¢ and 1 seems to be necessary,
assignment of probability values could be consistent or inconsistent.

A lot of mathematical work on probabilistic inference already exists (Suppes, 1966;
Zadeh, 1975). For instance, the MYCIN expert system handled uncertain knowledge,
and the PROSPECTOR system used a method based on Bayes's rule (Duda et al., 1976).
In this chapter, our interest is in providing a new way of extending Nilsson’s (1986)
probabilistic logic by exploring different metrics. We adopt a geometric approach and
discuss the relative notion of an extreme vector.

The second section defines the notion of consistency and the probability concept.
The third section presents the algebraic and geometric interpretation. The next four
sections present several ways of obtaining the consistent region according to metrics.
We explore the infinite norm, the L; norm, the Euclidean norm, and also their
corresponding isometries. The interpretation of Bayes's theorem when using the L,
norm is discussed in the eighth section.

CONSISTENCY AND PROBABILITY

We define these concepts by an example. Let us consider the set of sentences
& ={P,1Pv Q Q}, so that we expect to obtain among all possible worlds (2%) just
2% consistent possible worlds; other possible worlds are inconsistent.

Many methods exist for determining the sets of consistent truth values, given a set
of sentences. A basic method is that called the binary semantic tree (Kleene, 1987).

Artificial Intelligence Frontiers in Skabistics: Al and statistics Ill. Edited by D.J. Hand. Published in 1993 by
Chapman & Hall, London. ISBN 0 412 40710 &




D. Bouchaffra 371
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Figure 28.1 The binary tree.

We create nodes by branching left or right, depending on whether or not we assign
one sentence a value of TRUE or FALSE respectively.

At each node, we branch left or right, depending on whether or not we assign one
of the sentences in & a value of TRUE or FALSE, respectively. Just below the root, we
branch the truth value of the next sentences of our set &, and the procedure continues
until the last sentence of #. We obtain at the end a set of paths corresponding to unigue
assignments and we close off those paths corresponding to inconsistent valuations, as
illustrated in Fig. 28.1. The black circles correspond to the closed paths (inconsistent
evaluation), the numbers ‘1’ and ‘0’ at the right of each sentence correspond, respectively,
to the evaluation TRUE and FALSE of the sentence. Thus we can write the matrix
corresponding to the diagram, which consistent matrix we will denote C:

1100
C=|10 1 1
1 0 1 0

We can choose the probability of any sentence S as P(S) = 3 P(V, Vv (S) where P(V)
is the probability that the actual world V,, is equal to V, the characteristic function i
is defined as:

1 if Sis truein V,
(5) = :
v {0 if Sis false in V,

V; are the column vectors of the matrix € and i belongs to the set {1, 2,3,4}. This
definition of the probability associated with a sentence gives a mathematical and
geometric interpretation of the consistent area in the space of the three sentences.

THE ALGEBRAIC AND GEOMETRIC INTERPRETATION

Let us consider the following mapping between the space of possible worlds and the
one of sentences. This mapping is the homomorphism associated with the consistent
matrix C called '¥. Let X and Y denote, respectively, the space of possible words and
that of sentences. We can plot the following diagram corresponding to our example:
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X » - Y
g‘; P(P)
V= . ¥ V)=H=| P(Pv(Q
;) Q)
PV,

The system ¥W(V) = II is equivalent to:
PV)+ BV, = PP
PV)+PV)+PAV)=PF1Pv(Q
PV + P(V3) = O
Such that 3°/_, A(V)) = 1. By doing some algebraic transformations, one obtains:
P PvQ+PP—1—PQ)=PV)+ AV, + BV,
+P(V1)+HV2)"‘1””P(V1)_P(V3)

=—HV;)<0
Then, one can write:

PPV +PP—-1<HD
One also notices that:
P(Q)-—P(_IPVQ)=HV1)+P(V3)—P(V1)—P(V3)—P(V4)=—P(V‘,)-.QD

In conclusion, we obtain:

Moo+ OIHﬂPvQHP(P)—;KSHQ)SP(“IPVQ)-
Remark 28.1

The bounds relative to () are not found by a geometric approach, but by an algebraic
approach,

The geometric interpretation is based on the following theorem.

Theorem 28.1

Let X and 'Y be two normed spaces and ¥ a linear mapping from X onto Y. If {V } is
a set of extreme vectors according to the norm defined in X and Y, then the set
{¥PV ,-)} is also a set of extreme vectors according to the same norm.

Proof
Wis a linear operator. |

THE USE OF THE INFINITE NORM: L, (x) = max | x;]

EXTREME VECTORS

We express in the space X (normed space of possible worlds) the extreme vector
concept by the fact that the norm of any vector V is equal to 1, which can be written
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as || V|| » = 1. Thus, we can write max | V;| = 1 which is equivalent to max |P(V,)| = 1,
Vie{1,2,3,4}. However, since 3 A(V)) = 1, we know that if one component of the
vector V is equal to 1 then the others must be 0. Finally, we have obtained four extreme
vectors (according to ||| ,,) corresponding to the standard basis for R* (the classical
Euclidean space):

1 0 o 0
0 1 0 0

V, = V,= V,= Vs
h o| * 0 ¢ 1 * 0
0 0 0 1

By using the linear relation due to the product of the consistent matrix C by the column
vector of possible worlds probabilities V, we can write ¥(V) = II which is equivalent
to CV = II. Using Theorem 28.1, ¥(V) is also extreme in the space of sentences
according to the same norm.

This algebraic property enables us to plot the consistent region according to the
infinite norm. As noted above, the extreme vectors in the space of possible worlds
correspond to the standard basis for R?, so the extreme vectors in the space of sentences
are the column vectors of the matrix C (consistent):

0 0 1 1
I = |1 L= |1 IL= o) II,= (1
o 1 0 1

Geometrically, the consistent region is the inside of the convex hull of the extreme
vectors (V). Since these extreme vectors are the columns of the matrix C, we can
plot the consistent region using || -|| ., as in Fig. 28.2.

The points outside this volume are inconsistent. When using the mixed product in
order to determine the plane equations, the constraints corresponding to the consistent

Q)

PPvQ)

Figure 28.2 The interior of this convex hull is the consistent region.
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region are easily found. Thus, we obtain the inequalities:

RQ<PAPv Q)
B PvQ+PP)—1<PQ)

The length of the interval corresponding to Q) is equal to: [, =T — P(P). It depends
only on the value of A(P).

Remark 28.2

The bounds relative to P((Q) are now found geometrically. The geometric region has
been searched in order to match with the region found algebraically. The geometrical
construction according to the infinite norm is a particular semantic.

THE CONSISTENT REGION DEDUCED FROM ISOMETRIES

It is of interest to see what is the consistent region when dealing with special auto-
morphisms, called isometries.

Definition 28.1
Let f: X — Y a non-singular mapping and X and Y be two normed spaces. f is called
an isometry if lx — y |l = [ fx) — f) | V(x. p)EXY.

Proposition 28.1
If CeL(R™, the following assertions are equivalent:

(@) Cis an isometry

(b) " CV| = “V” WWER“

Proof
We apply Definition 28.1 with V= (x — ) and f associated with C |

Remark 28.3

Any extreme vector IT= C*V defined in the space of sentences is an image of an
extreme vector V defined in the space of possible worlds. However, if Cis an isometry,
the second equation of Proposition 28.1 can be written as: || IT||, = 1, where IT
is an extreme vector. Thus, the method used in order to find P((QQ), when P(P) and
K1 P v Q) are known, is less complicated. This is due to the fact that any solution
for V has to check equation (b} of Proposition 28.1.

THE USE OF THE L, NORM: L,(x) = 3| x;|

Using the property of a linear mapping and the continuity concept, we define an
overvalue relative to the norm of any vector in the space of possible worlds. The
consistent region is contained inside the maximal area assigned to this overvalue.
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THE MAXIMAL AREA CONTAINING THE CONSISTENT REGION

In the case of the L; norm, an extreme vector in the space of possible worlds is defined
by V||, = 1. Therefore, by this definition, all the vectors defined in the space of
possible worlds become extreme. This remark is inherent to the fact that a probability
must satisfy the concept of exclusivity and exhaustivity.

Additional information is required in order to obtain a square matrix C. Therefore,
the problem is approached via Proposition 28.2.

Proposition 28.2
The image of a compact set by a continuous mapping is also a compact set in the space
of sentences.

Proof
See Choquet (1964). =

As R* has finite dimension, the compact image is in particular bounded, we can
express the continuity of the matrix Cby:

Icvi,<ICl VI, VVeR®
The norm of a linear mapping in a normed space is defined by the following relation:

ICly=max | CV[1/]V],
and the extreme condition is expressed by || V ||; = 1. Thus, we obtain:
Il Clly = max || XP; X1 P v Q) PQ); o) ||, =4
In conclusion, the final result is:
Icvii<|Cl,=4
which is equivalent to:
PR+ Pv Q+PHQ+Pr)<4

(4 is the number of sentences). The maximal area is then:
@ = {[P(P), (M P v Q), KQ), P1)]" such that P(P) + 1P v Q) + PQ) + Pr) < 4}
where T indicates a vector transpose. The consistent region is strictly contained inside
the region &.
THE CONSISTENT REGION
Proposition 28.3

Any vector defined in the space of possible worlds is extreme according to this norm.

Proof
This is due to the fact that any probability vector must satisfy 3" P(V;) = 1. L]



376 Consistent regions in probabilistic logic

Before giving the method and a solution, we present some topological properties.

Let = {V=[P(Vy),P(Vy),...,BV)IT/Y A(V)=1 and Vi, V) =P, 0}

Leruma 28.1
2 is the space of possible worlds and it is a convex and compact set in R".

Proof
@ is convex and closed because it is the intersection of closed convex sets; it is also
bounded because it is contained inside the unit sphere | V|, = 1. [ |

Theorem 28,2

Let U be a linear operator in R", C= (C;) its associated matrix relative to the standard
basis for R™. If 3. C; =nVj (n — 1 is the number of sentences in the set of beliefs),
C; 20, then we can write the following assertions:

(@) P cnP?
(b} HH"1=”HV"1-:M

Proof
By using the hypothesis of this theorem, one can write:

ICVIi= 3 X V=3 . GV,;=

i=1j=1 j=li=1 i

0 [

\ Z C,.,.=n_§ \'A

1 i

and both of the relations (a) and (b) are proved. [ |

Proposition 28.4
The sets @, LEP)V/n, UNPVH, ..., UMy, forma decreasing sequence with an
intersection D different from (.

Proof

LIK(#P)/n* is a decreasing sequence when applying Theorem 28.2, so any finite inter-
section of the squence is different from (5. Now, for all k, L* is continuous because
it is a linear operator in a finite dimension space, thus, U5@)/n* is compact, and

APt =D+ B .

Proposition 28.5
LKD) = D and for each probability vector V, L(V)eD.

Proof

If VeD, for all k0, VeUXP)/n*, therefore UV)eU*+ 1 (P)/n*, eg. UV)eD. E
WeD, by the definition of D, for all k 3 0, AV,e UXP)/r* such that W = U(V)). As
# is compact, the sequence V; has at least one adherence value V, then VeD.
since V,enUi(@P)/n' with i <k and the U 9P)/n' are closed and decreasing. In
conclusion, as LKD) = D and D < (D) then LKD) = D. [ |
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Theorem 28.3

If Ctk) = (C;;(k)) is the matrix associated with U*/#* relative to the canonical basis is
for R”, then a strictly increasing sequence, ky, k;, k... of natural numbers exists so
that, for all i and j, the sequence (Cij(kp)) tends to the limit matrix D= (D;) as p tends
to infinity and L(%’) = D, where L is a linear operator associated to the matrix D = (D).

Proof

Forall i, , k, we can write: 0 Cﬁ < 1/n; s0, for all i, j, the sequence (CE) possesses an
adherence value (Bolzano—Wiertrass). So by setting in order the finite set of indices i
and J, we can, by n? extractions of the sequence, find an increasing sequence of natural
numbers (k,) so that, for all i and j, the sequence (C;{K,)) tends to I = (D;)(adherence
value) as p tends to infinity. For all p = 1, we can write, using the definition of L:
L(P) = US(@P)/n*, and, therefore, L(#) = D because LE(P)/v is a decreasing sequence.
Let Ve D; for all natural numbers p, we can find Vkpey such that V = LIV k,)/ n If
W is an adherence value associated to the sequence V ;. ,, we obtain the result by using,
for example, the following inequality:

1LV )/m — LW || < UV — LV | + | Lv) —Lowy| W

Proposition 28.6
2 is the convex hull relative to {e;}, D is the convex hull relative to {L(e)}, where
{e;} is the canonical basis associated with R”.

Proof
This is due to the fact that L is a linear operator and Li%) = D. [ |

APPLICATION OF THE PREVIOUS TOPOLOGICAL RESULTS

The original problem was CV = II where C is the consistent matrix, V is the
probability vector in the space of possible worlds, and IT is the vector probability
associated with the sentences. Methods using the entropy of the distribution V have
been used, but they remain approximate and subjective. Our consistent matrix is:

1 1 0 0
C=1]1 01 1
1 01 0O

We complete the matrix C by adding another row so that the sum of each column
will be equal to the number of sentences + 1 = 4 = n, in this example. Our new matrix,
C’, is square and all its elements values are positive. It corresponds to our linear
operator Ul used in Theorem 28.3, and is as follows:

1 1 0 0
C=|1 0 1 1
1 0 1 0
1 3 2 3]
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The problem becomes:
C*V=IT'=[PP, P Pv Q),PQ), A"

where .o/ is the component deduced from the added row of the matrix €. In order to
find Dwe have to multiply the square new matrix C'* 1/n by itself p times; the number
p of iterations used is the precision of the method.

We obtain the following diagram:

CoC*1/n—> C*Unt—» C™Und— ... - CP 1N

C'"1/n” corresponds to the limit matrix D = (D) of the topological results; this matrix
is associated with the linear operator L. As the approximated limit matrix C#*1/#” is
found, then D'is obtained by the convex hull [C""*1/n"](e), where {e;} is the canonical
base of our vector space. As [C™*1/n](D) = D, inside D, which is completely defined,
any point considered is consistent. However, to find P{Q), we have to project to its
corresponding axis. The programming of this methed is easy to define, as any iterative
process.

THE CONSISTENT REGION DEDUCED FROM ISOMETRIES

As each vector defined in the space of possible worlds is extreme according to this
norm, when dealing with isometries, we obtain the following proposition.

Proposition 28.7
If CeL{R™, the following assertions are equivalent:

@ | CV=H|,=V],=1
b) Y Cj=1Vje{L,....n} and C; > 0.

Proof
This is Theorem 28.2 with n = 1. |

Remark 28.4

This is a special case (n=1) of the work done previously. However, any vector
II = (IT) satisfies 31T, = 1. This case is the one where the space of sentences is a
probability space. The solution for P(Q)) is unique and is equal to 1 —P(—1Pv Q) —
P(P)— .

Remark 28.5

The approximate methods using the entropy concept (Nilsson, 1986) in order to find
a solution for A(()) can now be checked. We can apply them to isometries and the
result for P(()) must be 1 — F{— P v Q) — P(P) — .. However, some work needs to
be done in order to define all logical isometries’; one certainly has to change the binary
representation of the truth values assigned to predicates.



