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Ahetract
The paper expe ments some topological featurcs in analyzing Nilsson's

Fobabilistic logic. This approach pmvides an extension of Nilssons spproach:
by elplodng differcnt noms in the space of possible worlds and the space of
sentenc€s. The case of the infinite nom, the Ll noim and the Euclidean norm
is studied and analyzed. However, by using the isometdes concept, we found
out that the space of sentences is a probability space. We also demonstrate that
the classical reprcsentation (0-1) of th€ truth values associat€d to prcdicates i3
nol. suitable for det€rmining the consistenl region.

1. INTRODUCTION

A lot of mathematical work t1] on probabilisiic inference already eists. For
instance, the expert system Mycin handled uncertain knoleledge, the
Prospeclor system used a method based on Bayes rule. The probabilislic logic
inlroduced by Nilsson encoun[ers some dimcullies. We focus on]y on the
pmblem of the consistent region associated to a set ofpredicates. Th€ questions
that one can ask are:
(i) when iB th€ space ofprcdicates a pmbability space?
(ii) knowing the probabilities associated to (n - 1) predicates, what is the
pmbability associated to the nth predicate?
(iii) ifthe latt€r probability is not unique, what do we do?

In tfiis paper, in order to answer these questions, one fiIst provides an
extension of Nilsson's probabilistic logic t2l: by explodng differcnt metlics. We
secondly show the role played by the isometries concept. The second section
defines the notron of consistency and the probability concept. We expose in the
third section the algebraic and geometric inter?retation. FIom the fourth until
the eighth s€ction, we present seveml ways of obtaining th€ consistent region
according to metrics. We explore ihe infiniie nonn, the Ll norm, the Euclidean
norm and also their corresponding isometries.

27
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2. IIIE CONSISITENCYAND PROBABILTTY CONCEPI

We define these concepts by an example : lets consider Lhe following set 9f
sentences S={P,-PVQ.Q1, so we expecl td obtain among all possible worlds (2r)
iusl 22 consistent Dossible worlds: other Dossible worlds are inconsist€nt. We
ian write the ma[;x correspondinc l.o lhe semanlic Lrce, we call thi6 matrix
"the consistent matrix C",

11 100r
c=lrorrl.

Lro r ol

We define the probability of S as, P(S) = tPffJ*9vJS) wherc P(Vi) is the

probability that the actual world V" is equal to Vi, the cha€ctertutic function

q is defined as: rD\,fS) = 1 if S is true in \ ; 0 otherwise. The Vi'B are th€

colunn vectors of the matrix C, i belongs t the set {1,2,3,4}, S is any sentence
This definition oftle probability associated to a sentence giv€s a mathematical
and geometric intertretation of the consistent ai€a in the space of the 3

3, THE NGEBRAIC AND GEOMETR]C INTERPREIAflON

Let 's consider the following mapping between the space of possible worlds
and the on€ of sent€nces.

v=tP(vr,P(v2),P(v3),P(v4)lt -:----------.-> Y(V) = n = tP(P),P(-PvQ),P(Q)lt.

The syBtem Y(D = n is equivalent to:

I P(Vr) + P(vr) = P(P)

.] c,v,t * ntv., * etvo, = rr-nq1
I erv,r * r,vrr = aet

..t. !r1v,;=t.
i=t

By doing some algebraic transformations, one obtains:

P(-PvO + P(P) - 1 - P(Q) = P(V1) + P(v3) + P(Va) + P(V1) + P(v2) - 1 - P(v1) -

P(V3) = - P(V3) < 0. Then, one can \'Tite: P(-PVQ) + P(P) -1 < P(Q).

One also notice8 that:

P(Q) - P(-PVQ) : Pff r) + P(V3) - P(V1) - P(V3) - PO/4) = - P(V4) < 0.
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In conclusion, we obtain:

P(-F,Q) + P(P) - 1 s P(Q) sP(-PVQ).

Remark :1.1. The bounds rclative to P(Q) is not found by a geometdc approach!
but by an algebraic approach-

The seometric interyrctation is based on the followinc theorem.

Theorem 3.2. X and Y arc 2 namud, spaces, V a line@r mapping from X to Y.

If NJ i.s a set of ettrctue Dectors accoriling the narn dafined. in X and Y, then

the set {Y (V)) is also a set of efireme uectors accord.ing to the satne narrn.

Proof. Because Y fu a linear operator.

4. TIIE IJSE OF TEE INFINITE NOnM: L-(x) = MAX I ri I

4L Tbe notion of €xh,eme vector
We express in the space X (normed space of possible wo ds) the €xtrcme

vector concept by the fact that the norm of any v€ctor V is equal to 1, n'hich can
be written as ll V ll* = 1. T'hus, we can write Max lVt I =1 <+ Mai I P(Vi) l=1
V i e {1,2,3,4}. How€ver, since I P(Vi) = 1, we knov' that if one component of

the vector V is equal to t ,Ihe oihers musl be 0. Finally. we have obtained 4

extreme veclors laccording lo ll.ll- J corresponding to lhe base of IRa (the

classical Euclidian space). By using the linear.elation due to the product ofthe
consist€nt matdx C by the coluinn vector of possible worlds probabilities V, one

Y(v) = n <+ CV =n.

The extreme vectors in the space of sent€nces are the column vecto$ of the
matrix C (coosistent). Geometricaly, the consist€tt region is the insid€ of the
convex hult described by of the extreme vecto$ Y(V). The points outside this
volume are inconsistent. When using the mixed product in order to detemine
the plane €quations, the constraints conesponding to the consistent region are
easily found. Thus, we obtain the inequations:

P(Q) < P(-PvQ,

p(_r've) + p(p) -1 s p(e.

Bemark 4.1.1. The bounds relative to P(Q) arc now found geometrically. Th€
geometric regon has been searched in order to match with tfie region found
algebraically: it is s a paaicular construction.
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6. THE IJSE OF TIIE Ll NOR$I: Llr) = ! I n I

Usins tbe properry of a linear mapping and the continuity concept. we define
ar overvalue reiative to the norm ofany vecior in the space ofpossible worlds
T'he conEistent regron is contained inside the maximal a?ea assigned to this

6.1. Tb€ maximal ar€s containing t-he coDsistent rcgion
In the case of the Ll norm, the n;tion of ertreme vector in the spac€ ofpoBsible

worlds is defined by llv ll1 = 1. Therefore, bv this definition, all the vectom

defined in the space of possible worlds becom€ exheme. This remark i5
inhercnt to th€ faci that, a probability must satisfy the conc€pt of exclusivitv and
exhaustivity. Additional information is required in order to obtain a square
matnx C. One can assert that the maximal area containing the consistent
region is:

D = {tP(P),P(-PvQ,P(Q),P(r)lr such that P(P) + P(-PVQ) + P(Q) + P(1) < 4l
(where t is the tmnspose vector form).

52. The coDsistent region
In tlfs section, we set up a theorem which enables us to obtain the consistent

iegion accoding to this nolm.

Proposition 6.2.1. Atf vector defined in the space of possible uords is ettrene
atcording to this norm.

Proof. This is due to the fact that any probability vector must satisli' t P(Vi) = 1.

The iechnical aspect
Before giving the method and a solution, we have to prcsent some topological

prcperties. Let P = {V= tP(V1),P(Vr),...,P(V")lt /:P(vi) = 1 and vi, P(\) = Pi >0}.

Lemtj. 5-2.2. P is the space of possible uo d.s dnd it is a conDex and compact
set in IRn.

Proof. P is convex and closed, because it is the intersection of closed convex
sets; it is also bounded, because it is contained inside the unity sphere llV ll1 = 1.

Tl.eorcd 5.2.A, Let U be d linear operator in IRd, C = (Ci) its associated matria

relatiue to the classical base of IR". If t Cij = n, Vj (n ' 1 is the nurnbet of
sentences in the set of beliefs), Cijaq, then one can utite the follouing

-1- Ue) c nP
-2- llnlll=nlvllt
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Proof. By using tl:Ie hypoth€sis of thi6 theorem! one can write:

I cv r! = I,> ctjvj = > > ctjvj

and both of tie relations 1 and 2 arc prov€d.

Proposition 5.2.4. The sets P, U(P)tn, tP(P)1n2,,..,Uh(P)1nh,..., forn a
decreasing sequence uith an intersection D different of O.

I'roof, Ui(P)/* is a d€creasing sequence wh€n applying the theorem 5.2.3., so
any finite inte$ection of the sequence is different of O. Now, for all k, Uk is
continuous, because it is a linear operator in a finite dimen8ion space, thus,
Uk(P)/* is compact, and nukGynk = D * o.

Proposition 5.2.5. U(D) = D anL fot each probdbilit! vectnr V, UM € D.

Proof. IfV€ D, for all k > 0, v€ Ui(P)/nr., therefore U(V) € Uk+l(P)/* e.g.,

U(V)e D. If W€D, by definition ofD, for all k > 0, lvk€Uk(P)/nk such that
W = U(Vk). As P is compact, the sequence Vk has at least one adherence value

V, then V€ D, since Vr€ nui(P)/ni with i < k and the LI(P)/ni are closed and

decreasing. In conclusion, as U(D) cD and D cU(D) then U(D) - D.

Tf.eorcm 5-2.6.lf C&) = Gij&) ) i-s the mo'ttii associateal to Uk lnL reldtiue to the
canonical base of IR, then a strictly incredsing sequence hr h2, kt,..., of
natural numbers exists so thst, for all i and. i, the sequence (Cij&eD tenda to the

limit matrix. p = ( P I when p tends to infinity and L(P) = D uhere L is a linear

operatot ass(,ciated to the matrit B=(Pl.

Proof. For all (ij,k), we can write: 0 s Cjjk s Vnk; so, for all (ij) the sequence
(Cijk) possesses an adherence value (Bolzano-Wie rass). So by setting in ord€r
the finite set ofindices i and j, we can by n2 extractions of the sequence find an
increasing sequence of natuml numbers (kp) so that, for all i and j, the

sequence (Cij(ke)) tends to p = (p -) (adherence value) when p t€n& to inffnity.

For all p > 1, vre can write using the definition ofl,: L(P)cukp(P)/ntp, thus, also

L{P)cD because UilPy'ni is s decreasing sequence. Let Vc D; for all natural
number p. we can find VkpeP such thal V = Ukplvkp)/nkp. lfW is an

ailherence value associat€d to the sequence Vkp, we obtain the result by using
for elample the following inequality:

j=n ia j=n

=Iv.Ic,.="Iv,
i=t 'i=t I i=t '
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Uke(Vleyntp - uw)t < urte(vkeynlte - L(vke) [ + [ L(v]p) - L(w) ll.

Proposition 5.2.7. P is the conuea hull relatiue to [e!, D is the conoe, hul]
relatiDe to (L(e)1, where (eJ is th2 carcnical base associated to IR'.

Proof. This is due to th€ fact t}Iat L is a linear opemtor and UP) = D.

we can firld t}r€ application of the previous topological rcsults in [4].

6.IIIE LT If()METRIES

We are intereBted by special automorphisms called the isometries.

Definition 6.1. f: X ---> Y a non singuldr mdpping, X and, y are 2 normed
spaces, f is ca.lled d.n isonEtry if:

ll r'y ll= fk) 'f@ ll v(',v) € x!Y.

As each vector defined in the space of possible worlds is extrcm€ accoding to
this nom, when dealing {'ith isometd€s, we obtain th€ following proposition.

Pr:oposition 6.2. I/ C € L(IR"), the follnuing assertians are equivalent:

-1- I C*V lll= ll nllt= llv llt= I
-2- tcij= 1 Vj € [1..n] atulcijz0.

Pnoof. it is tlrc tleorcm 5.2.3. f!r.n = 1.

Bamark 6.3. This is a particular case (n = 1) of the work done prevrously.

However, any v€ctor fl = (ni) satisffes L ni = 1. This case is the one where the

space of sent€nces is a probability space. Th€ solution for P(Q) is unique and is
equal to 1'P(-PvQ) - P(P) 'P(A).

Proposition 6.4. One nust change the classical representdtion of the truth
values anal tahes ei dnd t2 with (0 < et,cz <1) for neu representations. If the
number of predicates increases, ue haDe to chaose uery small valu* for el and
e in the inlervdl [0..1].

Prloof. This is due to the equahon 2 of the propositron 6.2.

7. THEUSE OFTHE L2 NORM: I2 (r) = ( I\, )D

In this section, we use the Euclidean norm to 6nd the minimal sphete
containing the "consistent" regton. We show that the problem is equival€nt to


